ECE-515 Test 1
October 20, 2003 6:00PM to 8:00PM

Open book, Open Notes. You should not discuss the test with any other hurman. Show all of
your work. Answers copied from a book or the Internet will receive no credit. You should be sure
that T understand that you understand your solution.

Please watch the following link for corrections or clarifications:
http://www.eece.maine.edu/ hummels/classes/ece515/test]/ (I'1l also send out an email if any cor-
rections are posted.)

1. Let X and ¥ be independent random variables uniformly distributed on [0,1]. Define

U = min(X,Y)} V = max{X,Y).
(a) Find E(U). (10 pts)
(b) Find the covariance of U and V. (10 pts)
(c) Are U and V uncorrelated? (justify) (5 pts)
(d) Find and sketch the distribution and density functions of U. (10 pts)

\/ 2. Let g{x) be any monotonically increasing function of = and suppose that the moment (20 pts)
E(g(]X1)) = M < oo for a random variable X. Show that

M
P(iX|zt) < o)
/ 3. Let X and Y have joint density function
fxy(z,y) = 26'("’“’) 0<y<z<oo.
Find E(Y|X = z). (20 pts)

4. Steve and the "Ice-man” are playing darts. When Steve throws the dart, the distance the
dart lands from the center of the board is uniformly distributed on [0,2]. When the Ice-man
throws a dart, the corresponding distance is exponentially distributed with mean value 1.0.

\/ (2) Steve and the Ice-man both throw a dart. Find the probability that Steve’s dart lands
closest to the center of the board. (10 pts)

4
v (b) Steve and the Ice-man flip a fair coin to decide who will throw a dart. The dart lands
a distarice 0.1 from the center of the board. Find the probability that Steve threw the
dart. (10 pts)

\f (c) Repeat 4b if the dart lands a distance 3.0 from the center of the board. (5 pts)
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ECE-515 Test 2
Fall 2003
Due 11:00 AM, Monday Dec. 8

Do your own work. Do not discuss the problems with any other person. Da not talk about the problems with
any other student until after the due-time. Don’t even say things like “Number 2 seems hard”, or “Did number
3 seem trivial to you?”. Do not incur the wrath of the instructor! Be an honest person.

You may use MATLAB or MATHCAD for any of the problems. Please do so. Numerical errors will be harshly
graded. Check your answers!

You can use your own notes, and any published material. Turn in your own work, Plagiarized material taken
from a book, publication, or WWW site will not be graded, and will result in a zero for the iest.

Please check the course www site frequently. Any test corrections or clarifications will he posted there.
hutp/fwww.eece.maine.edu/ ~ ummels/classes/ece515

‘

. Two random variables X and X5 have joint density function

2 8 3
Fxixg(m1,32) = mexp [—;{:(wf + -2-331972 + w%)}

[ ]=4[% ]

such that ¥; and Y3 are independent. Compute the joint density function of Yy and ¥a.

Find a rontrivial transformation A in

_ Assume that a random variable Z is to be estimated from a vector of observations X. In class, we showed

that the minimum mean-square error estimator is E{Z |X" }, and we showed that the error associated with this

—

estimator is orthogonal to “reasonable” functions A(X) (where “reasonable” implies that the h()_f ) defines a
valid random variable).

\I (a) Prove this more general statement: An estimator go()_f ) minimizes the means square error if and only if
the estimation error Y = Z — g,(X) is orthogonal to all reasonable functions of the observable vector.

\I {b) Show that if X and Z are zero-mean jointly Normal, then the optimal minimum mean-square estimator
will be a linear function of the vector X

Let X (#) and ¥ () be zero-mean, independent, wide-sensc stationary, Gaussian random processes with the same
autocorrelation function Rx x (1) = Ryy (1) = 0.2¢7 100, Let Z(¢) be given by

Z{t) = X (t) cos(wt) + Y (t) sin(wt)

J(a) Evaluating the mean value and autocorrelation function of 2 (t).
J (b) Is Z(t) wide-sense stationary? If so, find and sketch the power spectral density of Z ().
J(c) Find the (first order) probability density function of Z(2).
(d) Is Z(t) strictly stationary? Justify your answer. "/ 3 /03
Let X (k) &k =---—1,0,1,2,..., be samples of a zero-mean Gaussian white noise signal with variance o2,
The output of an nth-order FIR filter when driven by X (%) is described by the difference equation

- Y(k)=> aX({k—1i)

i=0




\(a) At time k&, let X5, denote the vector containing the most recent n + 1 samples,

X (k)
%, X(k:—— 1)
X(k.— n)

Find the mean and covariance of X Joe
\(b) Express the filter output in terms of X
‘\(c) Find the mean, variance, and density function of the filter cutput Y (k).

5. In problem 4, assume let o2=1, n = 9 and a; be given by the following table:

ag=ag=1
ag=ag=2
ag =ay =3
G.3=ﬂ.|3-'=4
Gg =05 =D

1/ {a) Find and plot the autocorrelation function of Y (&)
— v (b} Find and plot the power spectral density function of Y (k).
i/ (c) Find and plot the crosscorrelation function between the filter output and the filter input, Ry x ().
“{d) Consider the design of a one-step ahead predictor, designed to estimate the next value of ¥Y(k) from the

four most recent samples. That is, ¥ (k + 1) is to be estimated as a linear combination of Y (k — 3) through

Y (k) as follows:
3

V(E+1)=> bY (k1)

=0
Find the best set of coefficients bg, b1, ba, ba.

6. Assume that we're interested in estimating the probability p that a randomly selected person in a large com-
munity favors a given issue. We form the estimate by polling 7 people from the community and counting the
aumber M that favor the issue. For each person polled, define a random variable ¥~ by

v = 1 person favors the issue
0 person does not favor the issue

9
] . . .
Gt ‘/(a) Find the mean and variance of the random variable ¥. Express your answer in terms of the unknown
TR parameter p. oF v ; .. dw o
- . o e = A s
gt} = "f(b) Show that the variance of ¥ must be less than 1/4. ™ o g i £ |- 2 e
‘f(c) An estimate of p is given by ap ! .
Pl

__ Number of peaple favoring the issue Y Y

X, =
" Number of people polled n

Find the distribution, mean, and variance of X,

(d) In what sense (if any) does the estimate X, converge to the correct answer p as n — oo? Specifically,
J does X,, converge in the mean square sense? WP1? Justify your answer.

(e) How many experiments (n) should we conduct so that probability that X, is more than 0,01 away from
the correct answer p is less than 0.057
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Problem 3b - Power Spectral Density of Z(t)
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Problem 5a - Autocorrelation of Y(k)
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ECE-515 Final Exam
December 17, 2003 6:00PM to 8:00PM

Open book, Open Notes. You should not discuss the test with any other human. Show all of your work. Answers
copied from a book or the Internet will receive no credit. You shonld be sure that T understand that you understand
your solution.

Please watch the following link for corrections or clarifications:
hitp://www.cece.maine edw hummels/classes/ece515 ffinal/
(I'I1 also send out an email if any corrections are posted.)

For the system shown below, X (k), N1 (k) and Ny(k) are real discrete-time uncortelated wide sense stationary
random process. 1 (k) and ha(k) are the impulse responses of two different time-invariant linear systems.

)

N,(k)

(k)

— 1,(0)

Z k)

()
System diagram for problems 1 through 4
1. Find (detive) the cross-correlation function of Y3 (k) and Y (k). Express your answer in terms of Ry x (m),
hi{k), and ho (k).
\2. Find (derive) the cross spectral density of Y3 (k) and Ya(k). Express your answer in terms of the input spectral
density ®x x(z), H1(z), and Ha(2).

3. For a particular set of filter coefficients, the following correlation values are obtained. All correlations for values
of |m| > 2 are equal to zero, Assuming that IV; (k) and Ny{k) are uncorrelated white noise processes with power
spoctra By, (z) = D, () = B, fill in all missing entries of the table.

m | Ry (m) Ryvy,(m) Ryyw,(m) Bwx(m) Ryx(m) Rzgz(m) Rzg(m) Raaz(m)
-2 1 1 1 0 0 [ ] [ 1 [ ]
-1 2 4 1 1 1 [ 1 [T 11 Tt ]
0 3 6 0 1 2 [ 11T 110 ]
1 2 4 -1 1 1 [ 1l 1T 1N ]
2 1 1 1 0 0 i 1 1 1T ]

4. Using the values shown in problem 3, solve for the best estimate of X (k) as a linear function of Z; (k) and
Zy{k). That is, find the coefficients 5 and 3, which minimize the mean square error associated with the

estimate i
X(k) = prZ1(k) + BaZa(k)

\\5. The w.s.s. random process X (¢) has autocorrelation function
Rxx{t)=06+ 5e=8Il,

Find the mean valug, mean-square value, and variance of the process.




6. The w.s.s. discrete-time random process ¥ (k) has power spectral density
Pyy(e!*) = 2.5 + 1.3 cos(8w).
Find the mean value, mean-square value, and variance of the process.
7. Let X; (i = 0,1,2,...) beiid. N(mx,c%) random variables, and let N be and independent Poisson dis-

tributed with E(N) = ai; =X

n
P(N=n)=-—e"\%, n=01,...

Define ¥ as the sum (with a random number of terms)

N—-1
Y=5 X
i=0

(a) Find fy (y|N = n).
(b) Evaluate E{Y2}. Write your answer in terms of mx, ox, and A.

8. Let X and ¥ have joint density function given by

_{ 2ay z>0y>0z+y<l
Ixy(zy) = { 0 elsewhere

Assume that we are able to observe the value of X and wish to estimate Y. Find the optimal (possibly nonlinear)
minimum mean-square error estimate of ¥ from the observed X.

9, Let X (t) be a w.s.s. random process with Rxx () = 5e=2I7] and spectral density function

20

@Xx(s) = Z——Sz

Also define Y (£) = X (£) + N(t) where N () is an independent w.s.s. random process with Ry () = 46(=).

(a) Find the mean square value of the process X (t).
(b) Find the power spectrum of the process ¥'(t).
() Find the autocorrelation function of the process Y (2).

(d) Find the transfer function of a minimum phase whitening filter for the process Y (t). Formulate the filter
so that the innovations process ¢y () has spectral density ®;,, (s} = L.

() Find the transfer function of the optimal non-causal filter for estimating X (t) from Y (¢).
(f) Find the covariance matrix for the random veetor [X (1) X (1.5)7.
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Problem 1 (Conditional Probability). Let (2, F,P) be a valid probability space,
where B € F. Define

@ = B
F = [ANB;AeF}
P(ANB) = ];EEJ‘B‘?.

Show that (¥, F', P'} is a valid probability space.

Solution: Weneed to show that 77 is a sigma-algebra, and that P’ is a valid probability
measure.
First ook at 7. To show this is a sigma-algebra, we need to show two propetties:

s ANeF=AcF
Since A' € F', we know A’ = AB for some A in F. Since (¥’ = B, the comple-
ment of A’ is everything in B which is not in A, or equivalently, everythifng in
B which was not in A. Thatis A’ = ARB. But since the original F is a o-algebra,
we know that A € F, and so AB was included in our original definition of '
o Ale FP= U2 Ale F'
By the definition of F7, each A/ can be written as A; B for some A; € F. So
UR A = U2 (4:8) = (U2, 4:) B
But since F is a g-algebra, we know that (U2, A;) € F, and so we've shown
that L2, A] fits our original definition of 7.

Now look at the definition of P’. We need to show that the three axioms of proba-
bility hold for this definition.

o P'(A) > 0forany A" € F
This is obvious, since P is a valid probability measure and cannot be negative,
P/(AB)=P(AB)/P(B) = 0.
o« P(Y=1
Since ¥ = B, we have P'(Q¥') = P/(B) = P(B)/P(B) =
o PUR,AY =502, PI(AL if the A are mutually exclusive.
Again, I'll use the notation A, = A;B, where 4; € F. Then
P (U2, 4:B)B) _ P{UX, A:B)
P(B) P(B)
But since P is a probability measure, if the A; B events are mutually exclusive,

Pz = BETA L S E00 - 5 pas =3 P
i=1 i=1

P'(UZ, A = PIUR AB) =

O




Problem 2 (Mutual Independence). Give an example of an experiment with three
events which are all pairwise independent, but not jointly independent.

Solution: Consider tossing a fair coin twice, giving an experiment with four (equally
likely) elementary outcomes

Q= {(0) (th) (wt) (1)}
Now look at the three events
A= {{t) (RR)} B = {(th) (hh)} C = {(tt) (th)}

With these definitions, P(4) = P(B) = P(C) = 0.5 and P{AB) = B(BC) =
P(AC) = 0.25, so the events are pairwise independent. However P(ABC) = 0, so
the events are not jointly independent. O




Problem 3 (Union Bound). Prove the Union Bound: For any events A1, As, ..., A,
(U Ak) < ZP A;_,
k=1
Solution: Here’s a proof based on mathematical induction:

e First observe that the bound works for n = 1, since the inequality reduces to
P(A;) < P(A;). The case n = 2 also works, since P(4; U 4o} = P(A1) +
P(Ag) — P(A1Ag) < P(A1) + P(Az).

o Now assume that we’ve proved the resuit for n = N. Well show that this implies
that the bound must hold forn = N + 1

(fa)((G)w

Since the bound works for n = 2 (from above)

(NOIAL) <P (U AL) + P (Ans1)

k=1 k=1

So, if the bound does hold for n = IV, we can apply the bound to prove the result

forn=N+41by
N+1 N NA41
P(U Ak) ST P(Ax)+ P (Ana) = Y PlAs).
k=1 k=1 k=1

» By mathematical induction, we’ve proved that the bound holds for any n.

Tn words, the argument goes like this: First we showed that the result holds for
n = 1 and » = 2. Then we showed that if it holds for n = 2, it must hold for
n = 3. Holding for n = 3 in turn implies the result for n = 4. The procedure
can be continued to any arbitrary value of n.

a




Problem 4 (System Reliability). 4 system fails if any one of three subsystems Jails.
Let A, B, and C denote the failure events for each of the three subsystems. Reliability
studies have indicated that P(A) = 1073, P{B) = 1074 and P(C) = 2 x 1073, You
may assume that the subsystems ave independent of each other.

a) Find the exact probability of a system failure.
b) Approximate the system failure probability using the Union bound.

Solution: First, here’s the probability of the union of three events:

P(Systém failure) = P{AUBUCQ)

P(AUB)+ P(C) - P((AUB)C}

P(A) + B(B) — P(AB) + P(C) — P(ACU BC)

P(A) + B(B) — P(AB) + P(C) — (P(AC) + P(BC) — P(ABC))
P(A) + P(B) + P(C) — P(AB) — P(BC) — P(AC) + P(ABC).

i

I

Since the events are independent, we can multiply the individual probabilities to find
the intersection probabilities:

P(A) + P(B) + P(C) — P(AB) — P(BC) — P(AC) + P(ABQ).
1078 +107% +2-107°

—(1073)(107%) = (1073)(2- 107%) — (107*)(2- 107%)
+(1073)(1074)(2- 107%)

= [0.0030977 ],

There is an easier way to work this problem. Since all three systems must be
working, the probability of the system failing is 1 — P{ABC). This gives the same
result.

The Union bound basically ignores the intersection probabilites... it gives a good
approximation when the events are independent, and the original events are rare. Note
that we can bound the system failure probability without making any assumptions about
the independence of the events. In this problem, th union bound gives gives

P(System failure)

P(System failure) < P(A)+ P(B) + P(C)

Uninn Bound

I




Problem 5 (Manipulation of Conditional Probabilities). (Papoulis 2-9) Show that
P(AB|C) = P(A|BC)P(B|C) and P(ABC) = P(A|BC)P(B|C)P(C).

Solution: This problem is really just the repeated use of the definition of conditional
probability. For example,

P(ABC) = P(A|BC)P(BC) = P(A|BC) (P(BICYP(C)}.
This is the second identity to be proved. The first identity is

P(ABC) _ P(A|BC)P(B|C)P(C) _

P(AB|C) =

where we used the second identity to evaluate P(ABC). O




Problem 6 (Light Bulbs, Bayes Rule, and Total Probability). (Papoulis 2-24) Box I
contains 1000 bulbs of which 10% are defective. Box 2 contains 2000 bulbs of wihich
5% are defective. Two bulbs are picked from a (single) randomly selected box.

@) Find the probability that both bulbs are defective.

b) Assuming that both bulbs are defective, find the probability that they came from
box 1.

Solution: Let D denote the event in which both bulbs are defeciive, B be the event in
which box 1 is selected and Bs be the event in which box 2 is selected. We assume the
boxes are equally likely, so that P(B1) = P(Bz) = 0.5. If the selections from the box
are independent, we Imow

P(D|B) = (110%) (%)
() (%)

Since B; and By are mutually exclusive and exhaustive, total probability gives

P(D|Bs)

I

[P(D) = P(DIB)P(By) + P(D|B:)P(Bs) = 0.006193. |

Bayes Rule gives the answer for part b:

P(D|B1)P(B1)

= (.80008.

part b




Problem 7 (Bernoulli Trials (without knowing p)). (Papoulis 3-8) Suppose there are
» successes in n independent Bernoulli trials. Find the conditional probability that the
ith trial was a success, where 1 < i < n.

Solution: This problem involves a lot of work to find a very intuitive answer... The
probability of r successes for n independent Bernoulli trials is (Chapter 3)

P(r successes in n trials} = (:) p'g" ",

where p is the probability of success for one trial, and ¢ = 1 — p. The conditional
probability of interest is

P(success on the ith trial|r successes in n trials)
P(success on the ith trial and 7 successes in n trials)
P(r successes in n trials)
P(success on the ith trjal and r — 1 successes the other n — 1 trials)
P(r suceesses in n trials)

p- (L) e
(':)prqn-r

| r
al




Problem 8 (Error Correction). 4 block error correction scheme operates by adding
“parity bits” to transmitted data blocks. The parity bits may be used to correct a
limited number of errors within each block. Let N represent the total wumber of bits in
a single transmitted block (data and parity). Let g denote the number of ervors which
the code is capable of correcting, and lei p be the probability of a single bit error in
fransmission. The code can successfully correct a block provided the total number of
errors iit the N transmitted bits is less than or equal to q.

a) Assume that each bit is transmitted independently, and find an expression for the
probability of a “block ervor” (a decoding failure),

b) Make a plot of the block ervor probability versus the iransmission ervor probability
Jor N = 1024. Use a log-log plot, and let p range fiom 107 to 102, Show the
result for the cases ¢ = 0 (no error correction), g =1, g=2, and g =3.

¢} The probability that a bit is corrupted for a magnetic storage medium is Imown to
be 1074, Error correction is to be used so that less than 0.1% of all blocks on the
disk (on average) need to be marked as “bad”. Assuming a block size of N = 1024
bits, how many bit ervors should the correction scheme be capable of correcting
(find the required value of g).

Selution: The probability of a “block error” is the probability that more than g errors
occur in a single block of N samples:

P(block error) = P(more than g errors)
=1 — P{q or fewer errors)

@
=1- ZP(A: errors in NV bits)
k=0

=[1- kZ:) (J]\:)pk(l ~p)N

A plot of the result for N = 1024 and g = 0, 1, 2, 3 is shown in Figure 1.
As shown in the figure, at The error correction scheme must be capable of correct-
ing at least two etrors to meet the constraints of part c.

O







